(N 
o 

Q 

oo 



X 



Nonlinear stability of self-similar solutions for semilinear wave 

equations 



Roland Donninger* 

- - - , Faculty of Physics, Gravitational Physics 

University of Vienna 
' Boltzmanngasse 5 



A-1090 Wien, Austria 

December 8, 2009 



Abstract 

Qi^ ' We prove nonlinear stability of the fundamental self-similar solution of the wave equation with a 

, focusing power nonlinearity iptt — = tp^ for p = 3, 5, 7, . . . in the radial case. The proof is based on a 

• ■ semigroup formulation of the wave equation in similarity coordinates. 

1 Introduction 
1.1 Motivation 

(N 

^ ' We study the nonlinear wave equation 

g : ^u-M^ r (1) 

Q>^ . where ■0 : R x R'^ ^ M and p > 1 is an odd integer. The sign of the nonlinearity corresponds to the so-called 

focusing case, i.e. the equation shows a tendency to magnify amplitudes which might eventually lead to 
singularity formation. Indeed, there are explicit examples of solutions to Eq. ([1]) with smooth compactly 
supported initial data that blow up in finite time. In order to show this one neglects the Laplacian and 
OO , solves the resulting ordinary differential equation in t. This yields the one-parameter family of solutions 

^ ; = cJ/^^"^'(T - t)-2/(p-i) ^j^gj.g T > and Co = ^ziryr- We refer to as the fundamental self- 

^ ' similar solution. Although ■0^ is homogeneous in space one can use smooth cut-off functions and finite 

speed of propagation to construct a blow up solution with compactly supported data. 
' In numerical evolutions [T] for the radial equation one observes that generic and sufficiently large initial 

5^ , data lead to solutions that approach the fundmental self-similar solution near the center r = for t — > T— . 

Thus, it is conjectured that the blow up described by ip'^ is generic. This conjecture is further supported 
by heuristic arguments ([1], rigorous arguments on the linear stability of V'^ ([2], [2]) and a number 
of rigorous blow up results ([3, [2], [6]). Moreover, in [9], Merle and Zaag have studied the corresponding 
problem in one space dimension without symmetry assumptions and for arbitrary p > 1. It turns out that 
the fundamental self-similar solution is in fact a member of a more general family of explicit solutions 
that can be obtained by applying symmetry transformations (e.g. the Lorentz transform) to ip'^ . Merle 
and Zaag have proved nonlinear stability of this family of solutions in the topology of the energy space, see 
Theorem 3 on p. 48 in [9]. Furthermore, the aforementioned authors have obtained important and deep 
results on the blow up curve for the one-dimensional problem , [lOj . 

In the present paper we give a rigorous proof for the nonlinear stability (in a sense to be made precise 
below) of the fundamental self-similar solution in the radial case in dimension 3. 

*roland.donninger@univie.ac.at 
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1.2 Overview 



The result is proved by using an operator formulation in similarity coordinates. The coordinates (t, p) are 
defined by r := — log(r — t), p := and we restrict ourselves to p G (0, 1) which corresponds to the interior 
of the backward lightcone of the blow up point {t,r) — (T, 0). Thus, convergence to is shown only in 
this region. In similarity coordinates, t T— is equivalent to r — > cxd and hence, we are actually studying 
an asymptotic stability problem. We rewrite Eq. ([1]) as a first-order system in similarity coordinates 

'^-^(r) ^{l- $(r) + ^($(r)) (2) 



dr \ P — 1 

where $ consists of two components that are (roughly speaking) the time and space derivatives of nonlinear 
perturbations of ilF . Hence, $ = corresponds to the fundamental self-similar solution of Eq. ([1]). L is a 
linear spatial differential operator that is realized as an unbounded linear operator on an appropriate Hilbert 
space and, finally, N is the nonlinearity resulting from Eq. ([T]). The fundamental self-similar solution is 
asymptotically stable if any solution of Eq. ^ with sufficiently small data goes to zero as r ^ oo. However, 
this cannot be quite true since there is an instability that emerges from time translation symmetry. This 
instability comes from the fact that ilP^ is a one-parameter family of solutions rather than a single one. 
Hence, the freedom of changing the blow up time is reflected by an unstable mode g of the linear operator 
L — -^zi- This mode is often referred to as the gauge mode. What we are actually interested in is stability 
modulo this symmetry, so-called orbital stability. On the linearized level, i.e. for the equation 

'^.<^{r)=(L-J—]<i>{T), (3) 



dr \ p — 1 

one defines an appropriate projection that removes the gauge instability from the spectrum of L — and 
works on the stable subspace. Then one can prove that any solution of Eq. ^ decays as r — > oo provided 
that $(0) belongs to the stable subspace. Our result shows that this remains true on the nonlinear level 
in a certain sense. More precise, we prove that, given small initial data u, there exists a constant such 
that Eq. ([2|) has a unique global solution $ with initial data $(0) = u + a^g and $ decays for r — > oo. 
Moreover, the rate of decay is exactly given by the first stable mode of the linearized operator L — In 
other words, for any small perturbation u there exists a correction, which consists of adding a multiple of 
the gauge mode, that leads to a time evolution that converges to the fundamental self-similar solution (i.e. 
to zero in this formulation) as r ^ oo. 

This rigorous result corresponds to the following heuristic picture: If the data are small, the problem is 
essentially linear and it is possible to expand the initial data in a sum of modes of the linearized operator. 
Generic initial data will contain a contribution of the gauge mode and hence, these data will lead to a 
solution that grows in time. However, by adding an appropriate multiple of the gauge mode to the data, it 
is possible to remove this instability and the resulting time evolution will decay as r — > co. 

The proof is based on a Banach iteration and it depends heavily on the good understanding of the 
linearized operator L — which has been obtained in [2\ and [3 . The operator L — generates a 

strongly continuous semigroup S{t), i.e. the unique solution of the linearized problem Eq. ([3]) is given by 
^(t) — S{t)^{0). By applying the variation of constants formula we rewrite Eq. ^ as an integral equation 



$(t) = S'(r)$(0) + / S{t -a)Nma))da (4) 
Jo 

and solve it by a fixed point iteration which is global in time. To this end we define a mapping by 

/Vu($)(t) :=5(T)[u + au($)g]+ / 5(t - a)iV($(a))df7 

Jo 



^We use the notation L — ^j^j since this L is exactly the operator that has been studied in [2] and [3]. 
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where u are the given (small) initial data and cku($)g is the correction which can be calculated by an explicit 
formula in terms of $ and u. We study on the Banach space X := C([0, oo), Ti^'') n L°°([0, oo), H^*^) 
with norm 

||$|U :=sup||$(r)||^2. 

where Ti^'^ is an appropriate Sobolev space (integration with respect to the spatial variable). For 5 > we 
set 

3^5 {$ e A- : ||$(r)||^2fc < Je"^ for aU t > 0} 

and show that G 3^5 implies K^i^) £ 3^5 provided that S and ||u||f^2fc are sufficiently small. Under 
these smallness assumptions we further prove that is a contraction with respect to || • H^" which yields 
the existence of a fixed point in ys by the contraction mapping principle. Thereby, we obtain the unique 
solution of Eq. ((2]) with the desired decay property. 



1.3 Additional remarks 

Let us briefly contrast our approach to the remarkable paper [9] by Merle and Zaag. The philosophy in [9] 
is very different since the aforementioned authors study the behavior of any blow up solution whereas we 
only consider small perturbations of ip'^ . Furthermore, the topology in [9] is much weaker. The proof of 
the impressive result in [9] relies on the existence of a Lyapunov functional in similarity coordinates and 
therefore, the techniques used there are completely different to ours. As a consequence, our approach yields 
independent and novel insights into self-similar blow up problems for nonlinear wave equations. Although 
the result in [3] is proved in dimension 1, the authors argue that the extension to higher dimensions TV is only 
technical. However, they have to require 1 < p < 1 + -^zj: 1 < p < 3 for = 3. It is clear that such 
a restriction does not exist in our approach. In particular, we are able to cover the full energy supercritical 
range p — 7,9, 11, . . . which has remained mostly unexplored so far. We also note that our requirement of 
p being an odd integer is a mere technicality to keep things as simple as possible. In fact, one may equally 
apply our techniques to the problem Eq. ([T]) with the nonlinearity \ip\P~^ip for real p > 1. In order to treat 
the nonlinear term one would have to use results from [3], in particular the nonlinear estimate Claim 5.3 on 
p. 104 and the Hardy-Sobolev estimate of Lemma 2.2 on p. 51. Finally, the reader may recognize that some 
aspects of the present paper are inspired by the work of Krieger and Schlag [5] (see also [l^ for a survey) 
on the energy critical wave equation. 



1.4 Notation 

We write vectors as boldface letters and the components are numbered by lower indices, e.g. u = (mi,M2). 
For a Banach space X we denote by B{X) the space of bounded linear operators on X. Throughout this 
work we use the symbols H and H^'^ to denote the Sobolev spaces H := L^{Q, 1) x L^{Q, 1) and 

H^'' {u e H^\0, 1) X H^'^iO, 1) : wf^^O) = 4''+'^(0) = 0, j G No,i < k} 
for a A: G N. We equip n and n'^'' with the inner products 



3 = i 

and 



2 .1 

(u|v)h:=V/ Uj{p)vj{p)dp 

„_i "'0 



(u|v)„2fc := (u|v)^ + u 



'n 

j2k 



(2k) 



Thus, H and are Hilbert spaces (cf. [3J). Finally, the expression A < B means that there exists a C > 
such that A<CB. 
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2 Derivation of the equations 

2.1 Similarity coordinates and first— order formulation 

We consider the equation 

(5) 

for p = 3, 5, 7, . . . in spherical symmetry. The fundamental self-similar solution ilP" is given by '0'^(^7 ^) = 
cj^^^ '^\t — t)~2/(p-i) -y^rhere cg — and T > is an arbitrary constant. We are interested in small 

perturbations of ilr^ and thus, we insert the ansatz = ^ji^ + into Eq. ([5|) and apply the binomial theorem 
to obtain 



A0 = p(v7)f-V + E ( J ) ii^^y^ty'. 



J=2 

With the substitution 4>{t,r) i-^ 4>{t,r) :~ r(j){t,r), this equation transforms into 



p 



and we pick up the boundary condition 4>{t, 0) = for all t. Eq. ((6]) is equivalent to the first-order system 

dr\('^t\.( piVf-' f,Ut:S)d. 



dr \ d). \ 



(7) 



Our aim is to study nonlinear perturbations of the fundamental self-similar solution by using a formulation 
in similarity coordinates. Appropriate similarity coordinates (r, p) are given by r = — log(T — t), p ~ jf-^ 
and we restrict ourselves to the interior of the backward lightcone of the blow up point {t,r) = {T,0), that 
is p G (0, 1). Eq. ^ transforms into 



dr 



h J \ dp -pdp 



9p -pdp J \ <P2 J ' \ 



(8) 



i=2 

2 ~ 2 ~ 

where 0i(t, p) = e p-i^0t(r — e^'^, pe^'^) and <j)2{T, p) — e p-^^ 4>r{T — e^'^, pe^'^). 



2.2 Operator formulation 

We intend to formulate Eq. ([5]) as an ordinary differential equation on the Hilbert space H. To this end we 
define the operator L : T>(L) C H ^ H by 

V{L) := {u e C^[0, 1] X C^[0, 1] : mi(0) = 0} 

and 

Lu(p) ■= ( -P^iiP) + ^^iP) + P^o Jo MOd^ 
V <(P)-P"2(P) 
An operator formulation of Eq. ([8]) is given by 



— ^r)=\^L-—j]^T)+NmT)) (9) 
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where the nonhnearity N is defined as 




Note that we are stih on a formal level since N{u) ^ Ti for general u G 7i as the example u{p) = (0, p"^^^) 
immediately shows. However, after a more careful analysis of the nonhnearity N in the next section, we will 
be able to turn Eq. ([9]) into a well-defined operator differential equation. 



3 Formulation as an operator differential equation 

We analyse the nonhnearity N in Eq. ([9]) more carefully and formulate the problem we are going to study 
in a precise manner. 



3.1 Properties of the nonlinearity 

We need the following generalization of Hardy's inequality. The proof is elementary but will be given in the 
appendix for the sake of completeness. 

Lemma 1. 1. Let v £ C°°[0, 1] and /c e N. Then 



\v{x)\'^dx 



< 



d k f \ 
—xv{x) 

ax 



dx. 



2. Let u e C°°[0, 1] with u{0) = and j G Nq. Then 



d^ u{x) 



dx^ X 



dx< \u<^^+^Hx)\^dx. 



Proof. See Appendix 1X1 



□ 



From now on we assume fc e N arbitrary but fixed. The following lemma establishes two crucial estimates 
for the nonlinearity N. 

Lemma 2. N defines a mapping from H?^ to itself. Furthermore, we have the estimates 

p 



\N{n)\\n^.<Y,M 



j=2 



and 



||iV(u)-iV(v)||«.. < ||u-v|U..^^||u||y,-'||v|l^. 

i=2 i=Q 



for all u, V e H"^^. 

Proof. Let u e H'^'' and define u{p) :== i U2{£.)di. Then, 
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and by Lemma[Tl u G ff^'^(0, 1). We estimate \\p ^ 11^21(0,1) ll'"ll'ff2fc(o i) sii^*^^ H^'^(0, 1) is a Banach 

algebra and Lemma [1] again implies ||u||^2fc(o i) ^ ||'"2||^2fe(o i) for i = 2, . . . ,p. This shows 

l|A^(u)|k-<f]||u||^^,,. 

Note that ^^^^+^^(0) = for aU £ < fc which implies u(2^+i)(0) = for all £ < k. The same holds true for 
and we conclude N{u) £ TL^^ . 

To prove the second inequality we take v e Ti^'^ , define v{p) :— ^ 'V2{C)di and note that 

i-i 

— = {u — v) {t-'~"'^~^{;^. 

However, this already implies 

||iV(u)-iV(v)||„.. < ||u-v||„..££||u|P„i-^||v||^.. 

j=2 1=0 

by the same reasoning as above. □ 



3.2 The operator differential equation 

It is known that the operator L is closable (see [2]) and we denote its closure by L. The nonlinear functional 
differential equation we are going to study is 

^$(r) ={l- $(r) + Ar($(r)) (10) 

where $ : [0, oo) H. A function $ : [0, oo) ^ 7i is said to be an Ti^'^-solution of Eq. pU|) with initial data 
u e H^f" if 

• $(t) e H^'' for ah r > 0, 

• $ is strongly differentiable in Ti^*^, i.e. for any r > there exists an element ^$(r) G Ti^'' such that 

= 0, 

• $(0) = U, 

• $ satisfies Eq. (dU]) for all r > 0. 

We recall that Eq. (jlOp is equivalent to the nonlinear wave equation Eq. The fundamental self-similar 
solution i/j'^ of Eq. ([5]) corresponds to the zero solution $ = for Eq. (flOl) . 



lim 



T — a dr 



4 The linearized operator 

The analysis of the nonlinear problem Eq. (|10p depends heavily on a good understanding of the linearization. 
Thus, we review and extend some results of ^ on the linearized operator L 
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4.1 Spectral properties and growth estimates 

It is known (see [3]) that the operator L possesses a countable set of eigenvalues with polynomial 
eigenf unctions u(-, A^) (that is, each component of u(-, A^) is a polynomial) where A^ = 1 + — 2j and 
A~ = ~ 2j- Occasionally, we will refer to these eigenvalues as analytic eigenvalues. The single unstable 

eigenvalue emerges from time translation symmetry, i.e. the freedom of choosing the blow up time T in 
the definition of the similarity coordinates (see j2] for a more thorough discussion). Therefore, this instability 
is normally referred to as the gauge instability since it does not correspond to a "real" instability of ^'^ but 
rather to a change of the blow up time. We have the following result from [3J. 

Theorem 1. The operator L generates a strongly continuous semigroup S : [0,oo) — > B{Ti.) and the space 
T-p'^ is L-admissible (i.e. S{t)T-L'^^ C and S'(r) |-^2fc defines a strongly continuous semigroup on Ti"^^). 
For any u e H?^ there exist constants c|^, . . . , c^_-^ e C and a function f £ Ti,"^^ such that 

fc-i 

u^^(c+u(,A+)+c7u(,A7))+f 

and ||5'(r)f ||^2fc < e(3+P'=o^2fe)r y^^^ ^ q ^jJ^^j.^ u(-, A^) are normalized eigenf unctions of L with 
eigenvalues A"*" = 1 + — 2j and XJ = —^zj — 2j- 

Remark 1. Additionally, we remark that the function f in Theorem [1] is orthogonal (in H^'^) to the 2k 
eigenf unctions u(-, A^), = 0, 1, . . . , fc — 1 (cf. [3]). However, it is important to note that the eigenfunctions 
u(-, A^) are not orthogonal to each other since L is not normal! For brevity we denote the span of the 2k 
eigenfunctions by TV, i.e. 

Af:^ (u(.,A±),u(.,Af ),..., u(.,A±_J). 

In [3] it has been shown that the orthogonal complement Af^ (in Ti^''') of the subspace Af is invariant under 
S{t) and the estimate ||S'(T)f ||^2fc < e(5+P=o-2fe)^ ||f jj^^;. , ^ > q, is valid for aU f e Af^. 



4.2 Projection on the unstable subspace 

In what follows wc denote the normalized eigenfunction u(-, Aj) (the gauge mode) by g. Our aim is to define 
a projection on the unstable subspace (g) that behaves nicely with respect to the time evolution generated 
by S{t). First, we make the following easy observation. 

Lemma 3. The expansion coefficients , j ~ 0,1, . . . ,k — 1, in Theorem\^ are uniquely determined. 

Proof. We denote by Q G B{Ti?^) the orthogonal projection on Af . Projecting the expansion from Theorem 
[T]we obtain Q\i = X]j=o '^t'"^^'^ ^f) since f e Af^ (Remark[T]). The set {u(-, A^) : j = 0, . . . , /c— 1} is linearly 
independent and this implies the claim. □ 

To emphasize the dependence of the constants on u we write (u) . Obviously, (u) is linear in u. 
Lemma 4. For any j — . . . ,k — 1 the mapping u • '^^^ 'C is bounded. 

Proof. Again, we denote by Q G B{TC^^) the orthogonal projection on Af . By definition and Remark [T] we 
have c^[u) = c^(Qu). However, Qu. i-^ c^[Q\i) is a linear mapping between the two finite-dimensional 
Banach spaces Af and C and hence, it is bounded. We obtain 



|cf (u)| = \cf{Qxx)\ < C|!Qu||„2. < C||u||„2. 
for a C > 0, any u £ H'^'' and all j = 0, 1, . . . , fc - 1. □ 
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Thus, u 1-^ c|j'(u) is a bounded linear functional on H^'' and it follows from Riesz' theorem that there 
exists a g* e H'^'^ such that c^(u) = {u\g*)-y^2k for all u e H'^''. By definition we have (glg*)-^^^ = 1- We 
define the mapping P : TL^^ — » H?^ by Pu := C(j"(u)g = (u|g*)-^2fcg. It is clear that P is linear and bounded. 
Furthermore, we have P^ = P and thus, P is a projection on the closed subspace (g) of Ti,^*' . However, P is 
not an orthogonal projection and hence not self-adjoint. 

Lemma 5. The projection P commutes with the semigroup S, i.e. S{t)Pu — PS{t)u for all t > and 
u e H^''. 

Proof. Fix T > and let u e TY^'^ . Invoking Theorem [1] we obtain 

u-5]c±u(-,A±)+f 

j=o 

where f G 7V^ and applying S{t) yields 

fc-i 

S{t)u - >^f) + ^Mf- 

j=o 

Note that this is an expansion of S{t)u in the sense of Theorem [1] since S{T)i G A/"^ by Remark [T] Thus, 
by definition of P we have PS{t)u = C(]'e^o "^g. 

On the other hand, we have S{t)Pu = S{T)cQg = c^e^o'^g. □ 

4.3 Properties of S 

Actually we are interested in the semigroup S defined by S{t) = e p-i^S'(t) which yields the solution of 
the linearized equation 

But S is only a trivial rescaling of S and so we can immediately deduce important properties. First of 
all we remark that the projection P commutes with S(t) (Lemma [5]). Furthermore, the gauge mode is an 
eigenfunction of i — with eigenvalue 1 and thus, we have <S'(r)g = e'^g. Appropriate growth estimates 
are given in the following proposition. 

Proposition 1. If k CzN is sufficiently large, the semigroup S satisfies the estimates 

||5(r)ul|„2. <en|ul|„2. 

and 

||^(r)(/-P)u||«2. <e-ni(/-P)ull„2. 

for all u G TY^''" and r > 0. 

Proof. The estimates are immediate consequences of Theorem [T] and the fact that the largest analytic eigen- 
value of L apart from is = — 1. □ 

In what follows wc implicitly assume k to be so large that Proposition [T] holds. 

5 Global existence for the nonlinear problem 

Our intention is to prove existence for Eq. (jlOp by means of a Banach iteration which is global in time. 
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5.1 Function spaces 

Let X L°°([0,cx)),H2'=)nC([0,oo),H2'=) and set \\^\x := sup^^g ||$(T)||^2fc. X equipped with || • \\x is a 
Banach space. We define the closed subset 3^5 C A" by 

ys := X : ||$(T)||^2fc < ^e"^ for all r > 0} 

where 5 > 0. As the following lemma shows, the nonlinearity N behaves well on ys provided that 5 is chosen 
small enough. 

Lemma 6. If S < 1 then there exists a constant c > such that 

||iV($(T))||^2. < C^2e-2r 

and 

||iV($(r)) - N{^iT))\\n-^. < c5e-^\mT) - *(t)||„2. 
for all eys and r > 0. 

Proof. Let ^ E ys- Lemma [2] implies the existence of a ci > such that 

3=2 3=2 

Since (5 < 1 we have (5e~'^ < 1 for all t > and thus, {6e~'^y < d'^e^'^^ for j = 2, . . . ,p, t > 0. This implies 
II Af(<f>(T)) ||7^2fe < (p — l)ci(5^e~^'^ which is the first inequality in the claim. 
Let 5* G ys and apply Lemma O to obtain 

WN^r)) - iV(*(r))||^2. < C2||$(r) - *(r) ||^2. ||<i>(r) |P^-2M*(r) ir„2. 

j=2 e=o 

for a constant C2 > 0. Since i5 < 1 we observe that ||$(r)||^i^^||^'(r)||;^2fc < {Se^^y^^ < Se^^ for 
j — 2, . . . ,p, T > and this implies the second assertion. □ 

5.2 The contraction mapping 

For fixed u e H'^'' with ||u||^2fe < 6'^ smdO < S < 1 we define the nonlinear mapping ■ X — > C([0, oo), Ti^*') 

by 

Xu(3')(r) := S{t)[u + au(*)g] + / ^(r - (7)iV($(a))da 

Jo 

where au($) G C is given by 

POO 

:= - / e-^(7V($(a))|g*)«2.da - (u|g*)H2. . 
Jo 

The integral in the definition of has to be interpreted as a Riemann integral over a continuous function 
with values in H^'^. Note that the integrals above exist since $ G A" implies || Af(<i>(cr))||>^2fc < 1 for all ct > 
(cf. Lemma [5]). 

A fixed point <i> of (i.e. $ — K^i^)) satisfies the equation 

$(r) = ^(r)[u + au($)g] + / S^t - a)N{^{a))da (11) 

Jo 

and this is an integral formulation of Eq. with initial data $(0) = u + au{^)g- 
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Proposition 2. If S is sufficiently small then <I> G ys implies K^i^) G ys- 

Proof Let ^ e ys- We decompose Ku{^){t) = PKu{^){t) + (/ - P)Kui^)iT') and analyse the two parts 
separately. By taking the inner product of PKu{^){t) with g* we obtain 

{PK^mT)\g*)n^. = [s{r)[Pu + a^{<i>)g]\g*)^^^+ £ [s{T-a)PNma))\g*)^^_Ja 

where S{t)P ~ PS{t) and the continuity of the inner product has been used. Since Pi = (f|g*).^2fcg for 
any f e H^'^, (g|g*)->^2fc = 1 and S{T)g — e'^g we infer 



||Pi^„(<i>)(r)||^.. = 



p7(u|g*)„2. +e^au($)+ / e^-"(iV($(a))|g*)«2.da 

JQ 



Inserting the definition of a^i^) leads to 



and Lemma |6] implies 



|Pi^u($)(r)||^.. = 



\\PK^{^){t)\\h2. < c6' 



e--'^(7V($(a))|g*)«..da 



e-+-||iV(ci>(a))||^..da 



'e-\ 



for a c > and all r > provided that 6 < min{l, ^}. 
For the infinite-dimensional part we obtain 

l|(/-P)ifu(ci>)(r)||«.. <e-n|u||„..+ r 

Jo 

by Proposition [1] and therefore, Lemma [6] implies 

11(7 - P)K^{^){T)\\n2>. < 5'^e-^ + f e'^-'^da < 26 

Jo 

Hence, there exists a constant c > such that 

and, if (5 < ^, we arrive at ||(/ — P) i^u((f>)(T) ||-^2fc < fe^"^ for all r > and the claim is proved with 
(5< min{l,^,'^}. □ 

Proposition 3. // 5 is sufficiently small then we have the estimate 

\\K^m-K^{mx<\\\'^-nx 

for all e 3^5- 

Proof. Let $,^1/ g y^ and consider the finite-dimensional part PKu{^){t) — PKu{'^){t) first. Pairing with 
g* we obtain 

WPK^mr) - PK^i^){T)\\n2. 

= [au($)-au(*)]e"+ / e"-"(7V($(a)) - A^(*(c7))|g*)„2.da 



e^-'^(iV($(cr)) - Ar(*(cr))|g*)„2kdcr 



< cS 



$(cr) - '^{a)\\-H2kda- 



< C(5SUP 1|$(ct) - *(CT)||«2fc / e^"2<T^^ ^ c^g-rp _ ^ij^ 

cr>0 Jt 2 
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for all r > by Lemma [HI If (5 < ^ we arrive at 



T>0 4 



For the infinite-dimensional part we have 

||(/ - P)K^mr) -{I- P)K^i^){T)\\n2. < f \\S{t - a){I - P)[iV($(a)) - N {^{a))]\\n2.da 



< 



e-'^+'^WNma)) ~ N{'^{a))\\^2kda < 5 / e"^||$(cr) - ^'(cr)||„2kdCT 
Jo 



<6Te ^ sup ||$((7) - ^'(CT)||^2fc 

by Lemma |6] again. However, with S small enough this implies 

sup II (/ - p)K^mT) -{I- p)K^mr)\\H^^ < - nx 

and we arrive at the claim. □ 
5.3 Global existence and uniqueness of the solution 

Propositions [2] and [3] show that there exists a S > such that, if ||u||-^2fe < S^, the mapping restricted 
to ys has range in ys and is a contraction with respect to || • H^-- Since ys C X is closed, the contraction 
mapping principle yields the existence of a unique fixed point of i^u in 3^5 • In fact, the fixed point is unique 
in the whole space as the following standard argument shows. 

Lemma 7. Let ^ eys, ^ e X be fixed points of with $(0) = *(0). Then $ = \E'. 

Proof. Fix To > 0. The function <!> — satisfies the integral equation 

$(r)-*(T)= / S{T-cr)[Nma))-N{^{a))]d(j 
Jo 

and hence, for all r €E [0, tq], we have 



|$(r)-vl/(r)||^2. < fe^-l 

^0 



7V(*(cr)) - N{^{a))\\H2kda 
<re^ sup ||iV($(cr)) -iV(*((T))||^2. 

cre(0,T) 



< re"'CM(ro) sup ||$(cr) - ^{a)\\-H2k 
CTe(o,T) 

by Lemma [2] where 

M(ro):= sup ||<i>(a)|P^-I-1^MII^2. < oo 

'^e{o,To) i=o 

and C > 0. Thus, there exists a ri G (0, tq] such that 

sup ||$(t) -«'(t)||«2. < i sup ||$(r) -*(t)||^2. 

-re(0,ri) ^ rG(0,ri) 

and this implies $(t) = 'l'(r) for all r G [0, ri]. Iterating this argument we obtain $(t) = ^'(t) for all 
T G [0, To] and, since tq > was arbitrary, we conclude $ = □ 
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6 The main theorem 

We denote by L-^^k the part of L in Ti'^^ , i.e. the operator L-Hik : 'D{H'^^) C Ti'^^ H'^^ defined by 

V{H^'') {u e V{L) n H^^ : Lu e W^'^} 

and Lj^2kU := Lu. Note that L-j^2k is densely defined since TY^C^+i) 'D{Lf^2k) (cf. Now we are ready 
to formulate and prove our main result. 

Theorem 2. Let k Cz N be sufficiently large, S > sufficiently small. Then, for any u e 'D(L-j-^2k) with 
\\u\\'!-^2k < , there exists an € C such that the equation 

|-$(r) = (^L - $(r) + 7V($(r)) 

has a unique global TL^'' -solution $ with initial data $(0) = u + aug i/iai satisfies ||$(T)||7^2fc < e^'^ /or a^/ 

T > 0. 

Proof. By Theorem [1] S'(T)|-^2fc defines a semigroup on TY^*^ and its generator is L-j-^2k — Furthermore, 

g £ 'D{L-yf2k) and thus, r ^ S'(t)v, where v u + au($)g G T>{L-j-^2k), is strongly differentiable in Ti,^'^ 
and we have ^»S(r)v = {L-j-j^2k — ■^^)S{t)v. According to the results of Sec. [5]there exists a unique (in X) 
function $ e ys that satisfies 



$(t) = S{t)v + S{t- a)N{^{a))da. 
Jo 

Differentiating this equation (with respect to || ■ Wn'^k) we obtain 

'^-$(t) = (LH2k - (s{t)v + r S{t - a)Nma))) + iV($(r)) 



dr \ P — 1 



Ln2k - <i>(T) + N^t)) =(^L- ) $(t) + iV(<i>(r)) 



where we have interchanged the operator iv^2fc — and the integral sign which is justified by the closedness 

of Ln-i2k — ^ T ■ 

□ 

In other words. Theorem [2] tells us that, given sufficiently regular and small data, there exists a "cor- 
rection" of the data (which consists of adding a multiple of the gauge mode) that leads to a global solution 
that goes to zero as r oo. The correction of the data corresponds exactly to what is called "tuning out" 
the gauge instability in the heuristic picture. 

Finally, we remark that the required degree of differentiability k in Theorem [5] could be specified more 
explicitly. To this end one would have to optimize the results of 3J which is certainly possible. 
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A Proof of Lemma [T] 

1. Integration by parts and the Cauchy-Schwarz inequality yield 
.1 .1 



"'0 



\v{x)\ dx = / —\x v{x)fdx 



x^ 



\x''v{x)\ 



(2fc-l)a;2fe-i 



nl \ 1/2 / H , , 2 \ 



< (^J^ \v{x)\^dx^ 



1 



—xv(x) 
dx 



dx 



2. We have 

and thus, 

d j+i f d^ u{x) 



d^ u{x) 1 



dx^ X x-J+i 

1=0 



^(_l)^^_a;J-^uO-^+i)(^) ^ 2;^„0-+i)(a;) 



£=0 



Applying part 1 with v{x) — ^^^^^ and k = j + 1 yields the claim. 
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